Finite system calculations suggest a rotational ordering in the ground state of the triangular antiferromagnetic Heisenberg lattice. This rotational ordering may result in a rotational symmetry breaking for quantum-spin systems, which does not show a net sublattice magnetization.
Introduction
The classical, intuitive picture of magnetic ordering is intimately connected with different forms of symmetry breaking (SB). In the case of ferromagnetism, for which neighbouring spins have the tendency to be oriented in a parallel direction, there is still an arbitrariness in the overall spin direction, at least for an isotropic interaction between the spins. This arbitrariness results in breaking of the spherical symmetry for which all directions of the total magnetization (or spin) are equivalent. In antiferromagnetic systems the existence of two sublattices with antiparallel orientation results in a form of SB connected with the translational symmetry of the interaction. It is still an open question whether or not this intuitive picture of antiferromagnetism (AF) is confirmed by exact calculations for well-defined models.
The only exact results known so far are for one-dimensional systems of the XY-type, for which the well-known Jordan-Wigner transformation gives the possibility of evaluating the spin correlation functions'-3). It turns out that only in the anisotropic case there is a long-range order. Numerical calculations for 0378-4371/ 86 / $03.50 0 Elsevier Science Publishers B .V. (North-Holland Physics Publishing Division) Heisenberg chains suggest an analogous situation: only interactions of cylindrical (or lower) symmetry, with a preferred direction, show long-range order in the ground state4).
Exact results for two-dimensional systems of arbitrary size are not known so far, apart from the completely solvable Ising model, but a theorem of Mermin and Wagne?) predicts the absence of long-range order in any system with an isotropic Heisenberg interaction in the case of one and two dimensions, at least for finite temperatures.
Apart from SB that results in a net sublattice magnetization, certain onedimensional models have a so-called singlet-pair state (SPS) as their ground state6-' ). The spins in this state are ordered in neighbouring spin pairs, which are all in the singlet state. This can be realized in two different ways resulting in a SB for the discrete group of lattice translations, without a net sublattice magnetization.
Whereas for the continuous SB that results in a sublattice magnetization, there exists always a soft mode in the spectrum of elementary excitations, according to Goldstone's theorem'()), the "discrete" SB may give rise to a lower bound in this spectrum. The existence of such a lower bound seems to be confirmed by actual calculations for the Majumdar-Ghosh chain with isotropic interactions between nearest and next-nearest neighbour spins, with a strength in the ratio 2:l r1 '12) .
Characteristic for the Majumdar-Ghosh chain is the existence of frustration in the corresponding Ising model (in which only the coupling in the z-direction is taken into consideration). This frustration results in a highly degenerate Ising ground state. Then one may put the general question: is there a relation between frustration and the existence of a Heisenberg groundstate that shows an ordering that is of a different nature than the one of the well-known Neel type? This question led us to the study of the triangular antiferromagnetic Heisenberg lattice, for which the corresponding Ising problem has been studied in the literature13 '14) .
Calculations for the ground state of small groups of neighbouring spins 1 on the triangular lattice strongly suggest the phenomenon of rotational correlation (RC). This concept is introduced in section 2, in which simple calculations are performed for a triangle and a diamond. In section 3 we show that this concept is also useful for larger systems, in particular with 12 spins. For the last system exact calculations were performed already by Marland and Betts").
The concept of RC suggests the possibility of rotational symmetry breaking (RSB) for large systems. Section 4 is devoted to this possibility, which may result in long-range order (LRO) without a net sublattice magnetization. We do not answer the question whether or not this RSB is stable at finite temperatures, or may be destroyed by an analogous phenomenon as described by Mermin and Wagner l.c.
In the examples we have studied it is easy to show that the exact ground state is a linear combination of two states with different RSB. We expect that states of different RSB are asymptotically orthogonal for large systems, so the phenomenon of RSB for the ground state appears in a natural way.
Examples of ground states with 3 and 4 spins
In the discussion of our ordering principle it is necessary to make a subdivision of the lattice into three sublattices, denoted by the letters a, b and c ( fig. 1 ). The spins in the different examples, being distinguishable objects are numbered 1,2, 3,4,. . . . In the illustrations of these examples the spins as well as the sublattices are indicated. The interaction will be given by the general Hamiltonian H=4 c&S,,
in which expression the Si(Sj) denote Pauli spins for the lattice sites i(i) and Cti, i) indicates a sum over all neighbour pairs. It seems natural to study only clusters of neighbour spins confined within a coltvex polygon.
The equilateral triangle
This simple system is illustrated by fig. 2 and its dynamics is given by the Hamiltonian 
This Hamiltonian is easily diagonalized and gives a fourfold degenerate ground state:
In ( The meaning of this index will be illustrated by the state I A, -1). One considers the interchange of a + spin on the site a and a -spin on the site b, or + on b and -on c, or + on c and -on a: if these interchanges are followed by multiplication with a factor A the original state is unchanged.
The same is true for IA, + 1)) whereas, for the same operation the states I A-l, + 1) should be multiplied by A -' to be left unchanged. It should be kept in mind that I A, -1) and -1 A-', + 1) are transformed into each other by the step operators S+=Sc+Sl+Sl (S:=S";+iST) and s-=s,+s,+s, (S,=(S:)+), and the same is true for 1 A -', -i ) and -1 A, + 1) , as may be checked easily. The eigenvalue of H for all 4 states equals: 2( f -$ ) = -3. The ground state is in this case fourfold; it shows apart from Kramers' degeneracy an additional degeneracy corresponding with RSB. Time-reversal symmetry transforms the states [A, -f) and ]A, +f) in o t one another and the same is true for the other two states. The two doublets correspond with different RSB, and only in this simple example the RSB leads to exact eigenstates of H, which are also orthogonal. The index A is a label for the rotational character, which for this simple example may be connected with an irreducible representation of an (Abelian) group, in contradistinction with the more complicated cases to be discussed hereafter.
The diamond
Here the situation is much more interesting than for the simple triangle. Now there is only one spin on an a or b site, whereas there are two spins on c sites 
eigenvalues H(E), which have a degeneracy corresponding with the possible different eigenvalues of one of the components of S, e.g. S,, which again commutes with S*, SF and St,.
The ground state, corresponding with the eigenvalue E = -7, is easily constructed with the help of the technique of coupling of angular momenta16). The four two-spin states corresponding with a total spin (S, or S,,) that equals 0 or 1, are given in table II. The + and -signs in the kets I+ , -) , etc. denote the eigenvalues + i of S,, and S,, (or S,, and S,,) and the quantum numbers Sun) and M ,cIIj pertain to the total spin and its z-component. The state vector of the total system for its ground state has a (total) spin S = 0, and S, = S,, = 1, so, according to the rules of coupling of angular momenta, it takes the form
in which (6) in which the positions in the kets in the right-hand side refer to spins 1,2,3 and 4 respectively (cf. fig. 3 ).
One may gain insight into the phenomenon of RSB by considering (6) In (7) One may introduce more positive constants in ( A) and I A-' ) to define a still more general state of broken rotational symmetry, but this would not serve our purpose of mere illustration of the phenomenon of RSB.
In order to write I ) as a linear combination of states of the type 1 A), I A -' ) we have to take One easily verifies that also for this simple example: (A I A-') = 0. It should be stressed, however, that, in general, states of different rotational character need not be orthogonal. So far the expression "rotational character" has a rather loose meaning and only refers to the comlex phases of the coefficients of the Ising kets in a state vector like the ones given in (7). With a given "rotational character" there is not connected, in general, a good quantum number.
Now it is interesting to calculate the expectation value of the energy H given in (4), for the states (A), IA-') as a function of x and y, under the normalization condition 2~*(A)+4y*(A)=2x*(h-')+4y*(A~~)=1, (9) which reduces the number of independent variables to 1. An elementary calculation gives
with an analogous expression for ( A -' IH( A -' ) . The minimum value of ( AJHIA), under the condition (9), is simply found to be -; (5 + fi) = -5.372, In section 4 we will come back to this concept of RSB in more detail. Here we may pay some more attention to the phenomenon of rotational correlation (RC), which is shown by the states (6) as well as (7). So far we have connected the rotational character of a state with the complex phases of the Ising kets. It is easier to introduce an operator, the expectation value of which is related with this rotational character. For a configuration like the one in fig. 2 
has the eigenvalue +l for the states 1 A, k 1) and the eigenvalue: -1 for IA', +4). Consequently B, is immediately connected with the rotational character of the state. It is this operator in terms of which the rotational correlation (RC) will be defined. One considers two equilateral triangles like the one depicted in fig. 2 and sixfold axes respectively. In contradistinction to the example of 12 spins the two systems are supposed not to be obey periodic boundary conditions; e.g. the spins 1, 4 and 6 in the system of 6 spins only have two neighbours. The ground state of the 6-spin system turns out to be twofold and one of the corresponding states may be written as a linear combination of a 1 A) and a IA-') state. The ground state of the 7-spin system is twofold because of Kramers' degeneracy. The elementary kets are written as in the examples with 3 and 4 spins; the position of a + or -sign in a ket corresponds with the numbers l-6 or, 0, l-6 respectively. The kets may be grouped according to the rotational symmetry: each group is represented by one ket only.
System of 6 spins
In table III we have given the coefficients of the elementary kets in the non-normalized ground states 1 A) and 1 A -' ) . In the last column we have given the number of states in the corresponding group, which is represented by one single ket. The state 1 > = illA> -IA-')1 (14) is one of the ground states for the 6-spin system. The ground state energy equals -9. The other ground state will not be given here because it is not interesting for our argument. The expectation value of the energy for the state I A), defined by table III, equals ( AlHb) = _ 51 = _7 286
An optimalized A state, according the definitions of section 2 gives a value -8.046, which differs only 11% from the exact value. For a 4-spin system the corresponding difference equals 7 -5.372 7 x 100% = 23% . 
Systems of 7spins
Straightforward calculation gives us the ground state of the 7-spin system. The total spin S of this odd numbered system equals f , and the total spin of the ring of the spins l-6 equals 1. Coupling of this last spin with the central spin gives the ground state with total energy -8 -2fi.
The ground state has sixfold symmetry around the central axis of the hexagon and the kets may be ordered into groups of 6,2 or 3 members, as shown in table IV, in which the amplitudes are given. All groups are represented by one ket. The ground state given here corresponds with S = i and M = i, one of a Kramers doublet.
If one constructs a 1 A) (I A-' )) state, which will not be done explicitly in this work, one finds complex phases that are in accordance with those of the groundstate 1 ) that again may be represented by a linear combination: c[ 1 A) + I A -' )], with the single exception of the phase of the group 11). Taking real amplitudes in the linear combination one finds the phases indicated in the column: IA) + IA-'). 0 ne should bear in mind, however, that the group 11) corresponds with the smallest amplitude. For this example we have not determined the expectation value of the state I A) (I A-' )), because the coefficient of the states corresponding to 11) could not be properly determined.
Systems of 12 spins
For the system of 12 spins with periodic boundary conditions the ground state energy and the 2-spin correlation functions were already determined by Marland and Betts15). We also determined the correlation function for the operator B, of different triangles, in the ground state, which is a singlet state and corresponds with the identical representation of the translation group. For a proper definition of the relevant triangles we have to number the spins. This is done in fig. 5 in which also the sublattices are indicated. Because of periodic boundary conditions it is not relevant which configuration of the 12 spins is chosen, the one of fig. 5 , or the diamond of Marland and Betts. There are different types of pairs of disjunct triangles, which may be represented by pairs of the following set: 6.7.1 (I), 4.5.8 (II), 4.3.12 (III) and 11.3.10 (IV).
The order of the indices 6,7, 1, e.g., is always chosen in such a way that the first index corresponds with a point of the a sublattice, the second one with the b lattice and the last one with the c lattice. For the definition of the operators B,, according to (13) the first spin always corresponds with the first index, etc. In this way we arrive at a unique definition of the operators B,,, etc., the correlations of which are given in table V. 
Discussion of the results
The results for the 4 and 12 spin system clearly show the phenomenon of RC. For the systems with a small number of spins, however, it is rather difficult to define in a simple way the rotational correlation function, because the corres- In concluding our work, our attention was drawn to work by Miyashita"). The point of view of this author, however, is quite different from ours because he considers an ordering for which there exists a net sublattice magnetization. He succeeds in calculating an upper bound for the ground state energy of systems of arbitrary size.
States of the type IA) or I A-' ) show characteristic complex phase relations between the coefficients of their components: this may be considered as a generalization of an exact property proved by Marshall18) for the "standard" antiferromagnetic systems, for which two sublattices may be distinguished. Here the interchange of a + and a -spin on neighbouring sites always results in a change of sign of the corresponding elementary kets, which are eigenstates of all the z-components of the individual spins. Essential for this property is the fact that all polygons of nearest neighbour pairs have an even number of vertices, whereas in the triangular lattice the smallest polygon is a triangle. This property of the triangular lattice suggests the phases realized in the IA) states, which, however, could only be constructed as asymptotic states for large systems.
